Dimensionless ratios of physical properties can characterize low-temperature phases in a wide variety of materials. As such, the Wilson ratio (WR), the Kadowaki-Woods ratio and the WiedemannFranz law capture essential features of Fermi liquids in metals, heavy fermions, etc. Here we prove that the phases of many-body interacting multi-component quantum liquids in one dimension (1D) can be described by WRs based on the compressibility, susceptibility and specific heat associated with each component. These WRs arise due to additivity rules within subsystems reminiscent of the rules for multi-resistor networks in series and parallel -a novel and useful characteristic of multi-component Tomonaga-Luttinger liquids (TLL) independent of microscopic details of the systems. Using experimentally realized multi-species cold atomic gases as examples, we prove that the Wilson ratios uniquely identify phases of TLL, while providing universal scaling relations at the boundaries between phases. Their values within a phase are solely determined by the stiffnesses and sound velocities of subsystems and identify the internal degrees of freedom of said phase such as its spin-degeneracy. This finding can be directly applied to a wide range of 1D many-body systems and reveals deep physical insights into recent experimental measurements of the universal thermodynamics in ultracold atoms and spins.
I. INTRODUCTION
One of the central challenges in condensed matter physics is to understand how different phases of matter can arise and how these phases can be characterized. Many phenomena such as, e.g., superconductivity, magnetism and quantum phase transitions in strongly correlated systems [1] , Bose-Einstein condensation of dilute gases [2] and of excitons in semiconductors, electronic transport in low-dimensional systems and heavy-fermion physics [3] , are known to exist due to the collective nature of the underlying many-body processes. Collective phenomena are particularly strong in low-dimensional systems where the reduced dimensionality enhances the interaction of elementary constituents [4] [5] [6] [7] . In order to characterize the various phases, dimensionless ratios such as the celebrated Wiedemann-Franz (WF) law [8] or the Kadowaki-Wood ratio [9, 10] are very useful. They usually involve ratios of measurable quantities which stem from similar underlying processes.
The WF law is universal across a wide range of materials and temperature regimes because non-universal contributions due to, e.g., density of states and effective mass often cancel out. Conversely, deviations from the WF law can be used to characterize the emergence of new physical processes [11] . Remarkably, recent new * e-mail:haiqing0@csrc.ac.cn † e-mail:xiwen.guan@anu.edu.au experiments [12] show that the WF law holds even at quantum phase transitions. Similarly, the Wilson ratio (WR) [13, 14] ,
between the susceptibility χ and the specific heat c V divided by the temperature T , measures the strength in magnetic fluctuations versus thermal fluctuations [3, 15, 16] . Here k B is Boltzmann's constant, µ B is the Bohr magneton and g Lande is the Lande factor. This dimensionless ratio has been observed in a wide variety of Kondo systems [3, 14] . Recent studies of the WR for magnetic states of a 1D spin ladder compound [17] and the two-component attractive Fermi gas [18] show that R χ W allows a convenient identification of magnetic phases. Dimensionless ratios therefore provide an elegant experimental and theoretical approach to a qualitative and quantitative characterization of the nature of complex multi-component quantum liquids.
In Fig. 1 , we show that the Wilson-like ratio
relating particle fluctuations to energy fluctuations, is even more successful in determining phases in quantum liquids. Recent experiment [19] show that the compressibility WR (2) servation underlying the predictive strength of both WRs is that the phases are related to simple additivity rules of the underlying elementary excitations. In this paper, we shall prove that such additivity rules are in fact general for multi-component quantum liquids in 1D -and we expect that they also hold for multicomponent Fermi liquids in higher dimensions [16] . We further show that both WRs stem from these exact additivity rules, can quantitatively identify quantum phases of Tomonaga-Luttinger liquids (TLL) independent of microscopic details and exhibit universal scaling behavior at the quantum transitions between phases. Their values within a given phase give information about the internal degrees of freedom of a phase, e.g., its spin-degeneracy. Such information is important, e.g., for the collective nature of multicomponent interacting quantum liquids in cold atoms [20] [21] [22] [23] , large-symmetry fermionic systems [24, 25] , spin chains [17, 26] and 1D Hubbard model [5] .
II. THEORY A. General considerations
In order to show the versatility of the WRs in identifying phases, we are interested in systems that have a rich phase diagram. We therefore start by studying first an attractive quantum liquid that supports a hierarchy of bound states. The system shall consist of unbound particles, pairs of particles, triples of particles and so on until we have at most w-tuples. For convenience, we shall denote a bound state formed from r particles as a r-complex. Let N r denote the number of r-complexes which have formed. Then the total number of particles is given as N = N 1 + . . . + wN w and the density of a r-complex is n r = N r /L such that the total particle density is n = w r=1 rn r . The relative propensity of a phase is governed by a set of external fields H r , r = 1, . . . , w with H w = 0. Here the H r are coupling to the (spin) moment of each r-complex. Then we can write for the Hamiltonian of the system
where T and V are as of yet unspecified kinetic and manybody interaction energies. In order to compute the WRs (1) and (2), we need to compute the susceptibility χ, the compressibility κ and specific heat c V for the w-component system in the Gibbs ensemble G(µ, H 1 , . . . , H w ). In a single compnent system, χ and κ can be straightforwardly computed as ∂M/∂H (with magnetization M ) for constant particle number (canonical) or ∂n/∂µ for constant external fields (grand canonical). For a multi-component system, we therefore define in complete analogy a chemical potential µ r for each of the r-complexes via
where ε r denotes the binding energy of an r-complex. Remarkably, the quantity µ 2 has already been measured in a recent experimental study of the equation of state for 2D ultracold fermions [23] . It gives a deep physical insight into the crossover from Bose-Einstein condensate to Bardeen-Cooper-Schrieffer superconductor. Indeed, the choice (4) allows us to define a Fermi energy at T = 0 for each fluid of r-complexes in the same way that F is defined in the Landau's Fermi liquid picture. We now introduce a stiffness in grand canonical and canonical ensembles, respectively, as 
for a r-complex fluid subject to µ and the field H r . Also, the sound velocity for r-complexes is defined as usual via
where r (k) is the dispersion relation for r-complexes and k F the Fermi momentum. With these definitions, we can then prove in 1D that the individual κ r , χ r and c V,r in terms of the D 
as shown in the Appendix. We note that similar relations hold in Fermi liquids (FLs) [16] . Our strategy therefore is to derive the densities n r , the chemical potentials µ r and the dispersions r (k) for the r-complexes as functions of H 1 , . . . , H w and µ. We expect that the definitions (5) and (6) are useful in general for interacting quantum liquids. However, analytical or numerical access to these quantities is not necessarily straightforward. Following a series of recent papers [27] , we prove here that integrable 1D multi-component systems allow the explicit construction of n r , µ r and r using the thermodynamic Bethe Ansatz (TBA) [28] [29] [30] . Following earlier theoretical [16] and recent experimental [19, 23] findings, we furthermore speculate that similar relations also hold for FLs in higher dimensions and expect that such effective chemical potentials for multi-component systems can therefore serve as convenient handles to describe multi-component quantum liquids.
B. The w-component quantum liquid
Let us now consider a specific w-component Hamiltonian (3) that supports multi-component quantum liquids. A convenient and experimentally relevant example is the 1D SU(w) Fermi gas with δ-function interaction confined to length L [31, 32] . The system is described by the Hamiltonian (3) with (7) and with the chemical potential µ and the effective Zeeman energy E z = w r=1 1 2 r(w−r)n r H r . There are w possible hyperfine states |1 , |2 , . . . , |w that the fermions can occupy. Experimentally, g 1D (= −2 2 /ma 1D , with a 1D the effective scattering length in 1D [33] ; from now on, we choose our units such that 2 = 2m = 1 unless we particularly use the units.) can be tuned from a weak interaction to a strong coupling regime via Feshbach resonances. This model provides an ideal experimental testing ground to probe few-and many-body physics [34, 37, 38] .
For the system described by (7), the relation (4) follows naturally from the structure of the TBA equations [27] (see Appendix A). We will use in addition general energytransfer relations for breaking a w-complex into smaller r-complexes, i.e.
with r = 1, 2, . . . , w − 1. Note that ε r = is the explicit binding energy for each r-complex in the system (7) . Using the energy and particle conservation conditions, (8) and n = w r=1 rn r , respectively, we find that κ and χ r obey the additivity rules,
in the TLL phases (see Appendix B). Here the susceptibility χ r represents the responses of different bound states to the change of the field H r . Such additivity appears naturally for a non-interacting fluid. Determining v r from the TBA, we similarly find that
Based on the rules given in (9), (10) and (11), we can construct the WRs of the w-component SU(w) system to be
These ratios are dimensionless and uniquely determined by the sound velocities and stiffnesses. We note that the form of the WRs in (12) and (13) is similar for a wcomponent FL; all interaction effects have been included into (8) via the choice of µ r .
In the strong coupling regime, R κ W for a pure r-complex phase (R χ W = 0 in pure phases [18] ) can be given in the form
where γ = g 1D /2n is the dimensionless interaction 1/k with r = 2, . . . , w.
In the above equation, K r is the phenomenological Luttinger parameter which can be directly measured through the Wilson ratio R χ W . This provides an important way to test the low energy Luttinger theory. For γ → ∞, R κ W then displays plateaus at the integers 1 2 , . . . , r 2 , . . . , w 2 . Deviations from integer r 2 = 1, 4, 9, occur not because of a weakness of the ratios introduced here, but because of the physics underlying and determining the stability and mixture of bound states in a given phase. Thus R κ W provides a convenient quantitative phase characteristic for quantum systems at finite T as well as at T = 0, see Fig. 1 and below.
C. Scaling of the WRs
It is particularly interesting that the WRs identify non-TLL behaviour and quantum criticality in the quantum critical regime. In fact, the WRs show sudden enhancement near a quantum phase transition due to a breakdown of the quantum liquid nature, i.e. the vanishing linear dispersion for 1D systems. For both WRs, we have the scaling law the scaling functions (see Appendix C). The second term in (15) with β = −1/2 reflects a contribution from the background at the temperatures above the energy gap ∆ ∼ |η − η c | zv , with driving parameter η (e.g. µ or H r ). These critical exponents agree with the experimental result for the thermal and magnetic properties of the 1D spin chain at criticality [19, 26] . For a phase transition from the vacuum to a TLL phase, λ 0 = 0. Based on (15) , the slope of the temperature-rescaled R κ W curves at a critical point is given by
The significance of the WRs can also be understood from the quantum fluctuations of magnetization, δM 2 = d k B T χ, and particle number, δN
d denotes the observation volume in ddimensions. Therefore, microscopically, χ and κ measure the strength of these fluctuations just as c V quantifies the energy fluctuations; macroscopically, the temperatureindependent compressibility and the linear-temperaturedependent specific heat remarkably preserve the nature of quantum liquid at the renormalization fixed point, see Eq. (6) like the Fermi liquid [15] . Consequently, R In order to show the usefulness of the new ratios, we start by considering the w = 2 1D spin-1/2 Fermi gas with a δ-function interaction [35, 36] . This Yang-Gaudin model has already provided an ideal experimental testing ground [34, 37, 38] for few-and many-body physics [27, 39, 40] . For R χ W , the additivity rule of susceptibility and its connection to the D χ r 's following (12) have been reported in [18] . For R κ W , we now find from (13) that
Writing the explicit dependence on µ, H and g 1D is possible, but tedious (we give explicit forms for D κ 1,2 and v 1,2 in Appendix B). In Fig. 1 we show R κ W in the µ-H plane. R κ W elegantly maps out the three finite temperature TLL phases of 1-complexes, i.e. fully-polarized fermions (F), 2-complexes, i.e. pairs (P), and the mixed TLL of excess fermions and pairs (F+P). The empty vacuum phase (V) is also present in Fig. 1 . In particular, we note that for the pure phases F and P, R κ W ≈ r 2 , i.e. close to the strong coupling value rK r [41] . Hence for the Yang-Gaudin model in Fig. 1 we see R κ W = 1 in phase F and 4 in phase P. In mixed phases, e.g. F+P, such a constant plateau no longer exists. For R κ W in the critical regime, we find a rapid increase due to a strong increase in thermal fluctuations. In Fig. 2 we show the scaling behavior (15) for R κ W close to the transition from the vacuum phase into the F and the P phases. We find C 1 ≈ 1.2546 and C 2 ≈ 2 × 5.0185, respectively. Eq. (15) does not contain any free fitting parameter, so one can use this scaling to determine the temperature of the quantum liquid. The scaling law is also similar to the scaling in the non-FL regime of heavy fermions [3, 42] .
An even richer phase diagram exists for the threecomponent δ-function interacting Fermi gas with an attractive interaction [31] . Its T = 0 phases are known to consist of excess fermions (F), pairs (P), trions (T) and mixtures thereof [43, 44] . Using the TBA equations, we again numerically and analytically calculate the WRs and determine their H 1 , H 2 and T dependencies. In Fig. 3 we show that in the pure phases F, P and T, we have R κ W = 1, 4, 9, respectively, and the phase boundaries are clearly marked by large increases in R κ W near the critical points. At T > 0, we see that the κ and c V curves become progressively more rounded across the phase transitions for T increases. The magnetic field associated with the position of the finite-height peaks varies as a function of temperature. This can be used to define a crossover temperature T * for each such magnetic field (9) and (11) as shown by the solid lines while at finite T , they exhibit peaks as indicated by the arrows for t = 0.003ε3/kB. Near the phase boundaries both κ and cV /T diverge quickly as (H2 − H corresponding to a peak. For T < T * , our analytical and numerical results reconfirm the validity of the additivity rules (9)-(11), i.e. κ and χ remain independent of the temperature and c V depends linearly on the temperature in the TLL phase (cp. lower panel in Fig. 3 ). This nature is also seen in Fermi liquids [14, 15] . The additivity nature of the susceptibility is presented in Appendix B. The significance of such additivity rules is the characteristic of quantum liquids at the renormalization fixed point, such as TLLs in integrable models and Fermi liquids in metals. etc. For T > T * , R κ W exhibits the critical scaling behaviour (15) (see also Appendix C). Fig. 4 shows the contour plot of R κ W at low temperatures. The universal quantum critical behaviour (15) is characterized by the exponents z = 2, ν = 1/2. For T < T * , the critical exponents are z = ν = 1.
Moreover, using the TBA equations for the SU (w) Fermi gases with an attractive interaction [45] , we calculate the susceptibility χ r = ∂M/∂H r in response to the change of magnetic field H r for the spin-gapped phases. The other magnetic fields are fixed and the magnetization is given by M = w−1 r=1 n r r(w − r)/2. In dimensionless units, the energies are rescaled by the interaction energy
2 /(2m), i.e. the temperature t = T / b , the pressuresp r = p r /(|c| b ), the susceptibilityχ = |c|ξ/2, see the Appendix B. We obtain explicitly a general expression of the susceptibility χ r for the gapped phase in which a small number of the r−complexes are created due to the change of H r for t 1,
where the gap is given by
see the Appendix C. For example, from the upper panel phase diagram in Fig. 3 , we observe that in the gapped phase of T,χ 1 with ∆ 1 = −μ 1 + 2p 3 /3 andχ 2 with ∆ 2 = −2μ 2 + 16p 3 /9 show a dilute magnon behaviour related to the phase transitions from the phase T into the mixed phase F+T and into the the mixed P+T, respectively. They decay exponentially as the temperature approaches zero. By properly choosing H 1 and H 2 , we also can have a phase transition from the gapped phase T into the mixed phase F+P+T.
C. Critical theory for the SU (w) repulsive Fermi gases
The existence of internal degrees of freedom significantly changes the quantum magnetism and the dynamics of the system compared to the spinless Bose gas. It is well established that the critical behaviour of the spin SU (w) chain can be described by the Wess-ZuminoWitten σ model of level = 1 with the Kac-Moody central charge C s = (w 2 −1)/( +w) [49] . The w-component repulsive Fermi gases display a U (1) ⊗ SU (w) symmetry characterized by one charge degree of freedom and w − 1 spin rapidities. The low-energy physics of the system is described by the spin-charge separated conformal field theories of an effective Tomonaga-Luttinger liquid and an antiferromagnetic SU (w) Heisenberg spin chain [5, 50] . By using the TBA equations given in [45] with H → 0 we find that the pressure of the 1D repulsive Fermi gases is given by
where p T =0 is the pressure at T = 0 and v s,c are the pseudo Fermi velocities in the spin and charge sectors, respectively. This result is consistent with the critical field theory for the SU (w) spin chains [49] . In the zero magnetic field limit, the spin and charge velocities for the Fermi gas with strong repulsion are, respectively,
where
in the limit H → 0. Indeed the sound velocity v c (20) of the Fermi gas in the large-w limit coincides with that for the spinless Bose gas, whereas v s vanishes quickly as w grows. This gives a reason why the quantum liquid of multi-component fermions reduces to the liquid of a spinless Bose gas in this limit [34] . In this sense, R χ W captures this unique large-spin charge separation mechanism in the w-component repulsive Fermi gas. Its explicit expressions is
displaying plateaus of height w(w + 1)/3 for either strong repulsion or in the large-w limit, hence capturing the spin degeneracy. For example, R χ W = 2 and 4 for the twoand three-component Fermi gases with strong repulsion, respectively.
IV. EXPERIMENTAL REALIZATIONS
Both WRs R χ W and R κ W are readily accessible by experiments. For example, the 1D SU(w) δ-function interacting Fermi gas of 173 Yb has been realized experimentally [34] . It was shown that in the large-w limit the ground state of the gas with a repulsive interaction exhibits properties of a bosonic spinless liquid. In the context of ultracold atoms, it is highly desirable to measure the quantum criticality and the TLL in such Fermi gases with rich spin and charge degrees of freedom. In this scenario, the Yang-Gaudin model is an ideal model to conceive critical phenomena induced from spin and charge interaction effects. This model was recently studied via an ultracold atomic gas in a harmonic trap, such as the two-component ultracold 6 Li atoms of Ref. [37] . Due to the harmonic confinement, the chemical potential in the equation of state should be replaced by µ (x) = µ (0) − mω 2 x 2 /2 (within the local density approximation). Here x denotes the position along the 1D trap. Changing x is then equivalent to changing µ and different phases are located at different spatial positions along the trap. Using a rescaled coordinate y = xa 1D /(2a 2 ) with axial characteristic oscillation length a = /mω, the density profile of the trapped gas can be determined from the dimensionless quantities N a dy m z (y). The compressibility can be extracted via κ = ∂n/∂µ = −∂n/∂x/(xmω 2 ) [46, 47] , while the density n(x) is read off from experimental profiles along x. The specific heat can be measured through the sound velocities, while the density waves of pairs and unpaired fermions can be experimentally created by a density depletion or pulse with a far-detuned laser beam [48] . In the upper panel of the Fig. 5 , we observe that R κ W at a very low temperature naturally maps out the phase diagram of the system, showing a good agreement with the experimental phase boundaries [37] . In the lower panel of Fig. 5 , we show the behaviour for R κ W , exhibiting the plateau structure as the system passes through different phases upon changing x.
V. CONCLUSIONS
In summary, we have shown that the additivity rules of physical properties reveal an important characteristic of the TLL and provide the physical origin of the dimensionless WRs. Such dimensionless ratios can be used to identify full TLL phases and capture the essence of phenomena ranging from quantum criticality to spin and charge separation in a wide variety of 1D many-body systems. We have presented some universal relations, such as the WRs (12) and (13), the Luttinger parameter (14) , the dimensionless scaling function of the WR (15), the susceptibility for the gapped systems (17) and the WR of SU (w) repulsive Fermi gas related to the level-1 Wess-ZuminoNovikov-Witten conformal theory (22) . We also show excellent agreement between the phase diagram predicted by the WRs and the experimentally determined one for the Yang-Gaudin model [37] . Our results therefore successfully demonstrate how to predict universal laws for experimentally realizable quantum liquids in Bose and Fermi degenerate gases, Bose-Fermi mixtures, 1D Hubbard model, strongly correlated electronic systems, spin compounds near to and far from quantum critical points on an equal footing.
The Gibbs free energy of the SU(w) attractive gas is
with
while * denotes the convolution (a * b)(x) = a(x − y)b(y)dy and the η r,l (k) represent the spin string parameters; furthermore a n (x) = n|c|/2π[(nc/2)
The numerical results used in the figures were obtained by solving the above TBA equations.
Appendix B: Additivity rules for SU(w) Fermi gases
From (4), we find that constant fields in the grand canonical ensemble, i.e. dH 1 = dH 2 = . . . = dH w−1 = 0, imply dµ r = dµ for r = 1, . . . , w. Consequently, we have
with κ r as given by (5) and (6) . Note that this result is general and does not use special properties of the SU(w) gases.
The additivity rules for the spin susceptibility are very intriguing. For our convenience in analysis of the SU(w) case, we prefer to keep the ratios among the densities of the charged bound states as n 1 : n 2 : . . . : n w−1 = λ 1 : λ 2 : . . . : λ w−1 , then we can parameterize the n 1 , n 2 , . . . , n w as
where λ = λ 1 + 2λ 2 + ... + (w − 1)λ w−1 . In order to compute the additivity rules for χ where E = w r=1 E r denotes the energy of the multicomponent ground state [27] and we have ∂E/∂n r = rµ r for consistency with (4). We emphasize that the additivity of E is a fundamental property of a TLL, implied by the linearity of the dispersions [27] .
Following the relation (B2), we can define differential forms of any thermodynamic function f = f (n 1 , · · · , n w ) :
We denote the operator D r = ∂ ∂nr − r w · ∂ ∂nw with r = 1, 2, . . . , w − 1. Then the field H r can be expressed explicitly: H r = D r E and the susceptibility in response to the H r can be expressed as
We note that the last term in the Eq. (B3) linearly depends on the density n r and n w . Therefore it can be safely dropped off in the calculation of the susceptibilities because of the second order of derivatives. In terms of the ground state energies E = w =1 E for the individual charge bound states We define the stiffness as
where r = 1, 2, . . . , w − 1 and = 1, 2, . . . , w. Consequently, we have the susceptibility (10) 
Using the numerical calculation for the Gibbs free energy G(µ, H 1 , H 2 ) from Eq. (A1), we observe that the susceptibilities χ 1 and χ 2 satisfy the relation (10) in the TLL phase of trions, pairs and single atoms, see Fig. A1 . Using the TBA equations [28, 45] , one can easily prove that the specific heat can be written in terms of sound velocities, i.e.
Appendix C: Scaling forms on boundaries
We focues on the low temperature behaviour for w = 3 to derive the analytical results for the thermodynamics, and finally we derive formula of general SU(w) gases of FIG. A1: Susceptibilities in response to H 1 and H 2 for the threecomponent Fermi gas with a fixed ratio of n 1 /n 2 = 1 at finite temperatures. Under this setting the H 1 and H 2 have a one-toone mapping along the line of n 1 /n 2 = 1 with a fixed total density. These two figures show that the susceptibility is temperatureindependent for the TLL phase of F+P+T indicated by the long dashed line in Fig. 3 the cricarity about susceptibilities.In the strong interaction limit, we can solve these TBA equations analytically at low temperatures T 3 /k B by simplifying
+T e −(2H2−H1)/T e −J2/T I 0 (J 2 /T ),
Here the effective spin coupling constant is J r = 2p r /r|c| with c = mg 1D / 2 . The polylogarithm function is defined as
effective pressures p r , with r = 1, 2, 3, of excess fermions, pairs and trions, respectively, can be expressed as 
Vacuum -Pair
The above simplified TBA equations (C1) can be used to derive universal low temper properties of the SU(2) and SU(3) Fermi gases. In the following, we derive the scaling forms of the Wilson ratios in the critical regions for the two-component Fermi gas. Here we will use the dimensionless units as being explained in the main text. The phase boundary for the phase transition from V to P phase areμ c = − 1 2 for h = H/ε 2 < 1. Near this critical point, the scaling forms of specific heat, compressibility and susceptibility in dimensionless units are given by
where the functions G(x) = (−e x ).
Vacuum -Fully Polarized
The phase boundary for the phase transition from V to F phase areμ c = − h 2 , for h > 1; the scaling forms in dimensionless units are
(−e x ).
Pair -Partially Polarized
The critical fields for the phase transition from P to F+P phase areμ c = −
2 , for h < 1; the scaling forms are
Fully -Partially Polarized
For the phase transition from F to F+P phase, we havẽ
where the constants are given by a = (h −
, and
The dimensionless function is given by S(x) =
(−e x ). The slopes of the Wilson ratio curves at the critical point µ = µ c reveal a unique temperature-dependent feature, namely the slope at the critical point,
i.e. is a constant for the phase transition from vacuum into an r-complex TLL phase.
Susceptibilities for the gaped phase in the attractive SU (w) gases
The total polarization of SU (w) gas can be expressed asm = w r=1 1 2ñ r r(w − r), then we can obtain the susceptibility:
in the limit of t → 0 and |c| >> 1, the leading behavior of the second order derivatives of pressures reads
Substituting (C17) into (C16), we arrive at the explicit form of the susceptibilityχ r corresponding to the field H r when the other fields are fixed
where the gap ∆ r is related to the effective chemical potential through ∆ r = −Ã (r) , which can be determined from the TBA equations
Here the second approximately equal in (C18) holds when ∆ r > 0 which implies the existence of the gap and the susceptibility presents exponential decay, otherwiseχ r ≈
, which is a positive constant when t → 0.
Note that the result in (C18) is different by a factor 1 2 due to the convention of H 1 = H/2 in the SU (2) case.
Appendix D: Explicit formulas for the SU(2) Fermi gas
In the mixed phase for SU(2) Fermi gas with one magnetic field H 1 , we have n = 2n 2 + n 1 and
For strong coupling, we find the explicit form of the µ r in terms of the densities of pairs n 2 and unpaired fermions n 1 (in units of 2 /(2m)) [45] to be
Here c = mg 1D / 2 = −2/a 1D is the interaction strength. Therefore, the compressibilities and susceptibilities are given by (in units of 2 /(2m)), e.g. 
In the above calculation for compressibility, the condition H = 2(µ 1 − µ 2 ) + c 2 /4 was used, i.e. dH = 0 gives (up to the O 1 c 2 order):
Moreover, the interaction effect enters into the collective velocities v 1 , v 2 of the excess fermions and bound pairs. For strong attraction, they are given by [27] 
with A = 2n 1 + n 2 .
Appendix E: Connection between the Luttinger and Fermi liquids
Wilson Ratios. Now we further build up a connection between the TLL and the Fermi liquid. By definition (1) and (2), the two type of Wilson ratios of interacting Fermi liquid in 3D are given by
which depends on Landau parameters F a,s 0 charactering the interaction [3] . This is very similar to our finding for 1D systems, see Eqs. (12) and (13) . However, it's extremely hard to calculate the Landau parameters F s,a 0,1 in Fermi liquid theory due to the reason that N * (0) can not be obtained explicitly. Fermi liquid theory elegantly maps an interacting system into a free fermion system where the interaction is encoded into the density of state and effective mass. But the Fermi liquid theory is not valid in 1D interacting systems because there does not exist a well-defined quasiparticle. Here we demonstrate that exact solution of the TBA equations does show a novel existence of Fermi liquid like signature in 1D interacting systems. In fact, the additivity rules which we found in previous sections reflect a 1D Fermi liquid like nature, also see a discussion in [16] .
Feedback interaction. The excitations near Fermi points in 1D many-body systems can form a collective motion independent of microscopic details of systems, namely, there exists a certain dispersion relation between energy and momentum. We observe that integrable systems provide a deep understanding of the intrinsic connection between the TLL and the Fermi liquid. In fact, the TBA equations of 1D systems give the exact dressed energies and determine the dispersion relations of each branch. At low temperatures, only the behavior of the dressed energies near the zero point, or saying, the k F and v F at the 1D Fermi points, determines the first order and second orders of thermodynamic quantities. In general, for the attractive SU (N ) Fermi gases, the spin fluctuations are suppressed. Therefore the TBA equations can be rewritten as
A rs * ε [15, 16] . This encourage us to further find a perturbation idea into our calculations. What below gives a Fermi liquid like description for the low energies of the 1D attractive Fermi gases, i.e. mapping an interacting system with multi-subsystems to a multicomponent free system.
Phenomenological description. The symmetry group of the interaction of quasi particles in the 1D "Fermi liquid" is reduced from the SO(3) group to the cyclic group C 2 . Therefore, interaction parameter between the 'quasi' momentum p and p could be written as f [16] and describe the main properties of our system. Conventional sound velocity is associated with oscillations in the density of a fluid, and hydrodynamics gives that
Where ρ = mn is the density of the fluid and κ = −L ∂P ∂L is the bulk modulus. In FL theory κ = 
Here, due to the collective motion, the backflow does not exist in 1D, therefore F 
From the equation (E5) and (E6) we could calculate the relation between Fermi speed and sound velocity. For example, the velocities of trions, pairs and single fermionic atoms, are given by
respectively. This builds up an intrinsic connection between the Luttinger liquid and Fermi liquid. Furthermore, from the free fermion nature of the Fermi liquid, we can express the specific heat in terms of these sound velocities
where we have dropped the unit k 2 B −1 , here the interaction effect is encoded in the velocities v 1,2,3 . This equation could be obtained by consiering the leading term of the TBA equations at low temperature region. This shows a consistency of our derivation by the 1D Fermi liquid like description. The derivation above could be extended to the SU(w) attractive Fermi gases in a straightforward way. All the derivation above could be directly extended to the SU(w) attractive Fermi gases:
We can also prove this additivity rule using the TBA equations, see Appendix B.
